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013.04.0Abstract When performing operation tasks, the interaction between a ﬂexible manipulator and a
grasped object usually results in an impact. In this paper, a new way is suggested to alleviate impact
vibration of a ﬂexible manipulator via its structural characteristic when capturing a moving object.
Controllable local degrees of freedom are introduced to the topological structure of the ﬂexible
manipulator, and used as an effective tool to combat impact vibration through dynamic coupling.
A corresponding method is put forward to reduce impact vibration responses of the ﬂexible manip-
ulator via the controllable local degrees of freedom. By planning motion of the controllable local
degrees of freedom, appropriate control force can be constructed to increase the modal damping
and stiffness and eliminate the exciting force simultaneously, thereby reducing impact vibration
responses of the ﬂexible manipulator. Simulations are conducted and results are shown to prove
the presented method.
ª 2013 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
Impact is a complex physical phenomenon, which occurs when
two or more bodies collide with each other. Since most of
robotic manipulators make some physical contacts as part of
their jobs, such as capture and assembly, impact phenomenon
inevitably arises.
As far as a ﬂexible manipulator is concerned, due to the
presence of system ﬂexibility, vibration is an unavoidable82317745.
u.cn (Y. Bian), gaozhihui@
orial Committee of CJA.
g by Elsevier
ng by Elsevier Ltd. on behalf of C
10problem.1,2 When the ﬂexible manipulator collides with other
bodies, impact can excite severe vibration responses and dete-
riorate end-effector accuracy. In addition, since the manipula-
tor is often required to keep moving after the collision, new
vibration responses will arise and be accumulated on the exist-
ing impact vibration responses, thereby further degrading its
working performance. Furthermore, after capturing an object
successfully, the dynamic structure of the ﬂexible manipulator
will suddenly change due to incorporation of the grasped ob-
ject, thus altering its dynamic behavior of the post-impact
phase accordingly. Therefore, study on vibration alleviation
for a ﬂexible manipulator undergoing an impact collision is
theoretically challenging.
In the past decades, impact modeling for rigid and ﬂexible
manipulators has been researched.3–6 However, in contrast to
a number of papers on impact control for rigid manipula-
tors,7–12 insufﬁcient work has been conducted on impactSAA & BUAA. Open access under CC BY-NC-ND license.
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abrupt changes in system velocities and dynamic structures,
it is difﬁcult for conventional control methods to deal with.
Therefore, new ways are worth trying.
Recently, special attention has been paid to reducing impact
inﬂuences of manipulators via their structural characteristics.
Compared with conventional conﬁgurations, new structural
characteristics may provide extra capabilities to improve
working performance.17–21 Typically, some researchers have
explored reducing impact vibration of manipulators via
redundant degrees of freedom. Walker studied how to use
kinematic redundancy to alter dynamic effects of a collision
between a robot and its environment, and proposed several
vulnerability measures to evaluate effects of different conﬁgura-
tions of kinematically redundant arms on impact forces.22 Kim
et al. made use of conﬁgurations of larger damping and less
stiffness to minimize penetration and impact force via redun-
dancy.23 Yoshida et al. suggested a method to reduce impact
force by properly selecting the manipulator conﬁguration prior
to the impact.24 However, these methods only studied rigid
manipulators. For ﬂexible manipulators, Xu and Yue utilized
kinematic redundancy of ﬂexible manipulators to alleviate im-
pact vibration resulting from capturing objects, and proposed
a vibration alleviatingmeasure.25 However, all of thesemethods
are passive ways, because they merely apply stronger conﬁgura-
tions of manipulator arms to resist an impact, but are not active
in reducing impact vibration of the post-impact phase.
Inspired by redundant degrees of freedom, we proposed a
concept of controllable local degrees of freedom (CLDoF)
and introduced it to the topological structure of a ﬂexible
manipulator.26,27 This manipulator consists of one ﬂexible
main chain and one or more rigid branch links. Although
the branch links have no direct kinematic relation to the main
chain, independent motions introduced by CLDoF can
strongly affect dynamic performance of the main chain. Using
this advantage, adverse inﬂuences on working performance are
expected to decrease via CLDoF.
In this paper, CLDoF are examined to alleviate impact
vibration of a ﬂexible manipulator. Special application of the
independent motions, introduced by CLDoF, in impact vibra-
tion reduction of the ﬂexible manipulator is studied. A method
is suggested to alleviate impact vibration responses of the ﬂex-
ible manipulator via CLDoF.
2. Dynamics model of the ﬂexible manipulator with CLDoF
As shown in Fig. 1, the manipulator consists of one ﬂexible
main chain and one or more rigid branch links. The branchFig. 1 Schematic of a ﬂexible manipulator with controllable
local degrees of freedom.links, connected to the main chain through joints, can move
actively. Although the branch link motion has no direct rela-
tion to the nominal end-effector motion, it can greatly affect
dynamic performance of the main chain. Therefore, the branch
link motion is expected to attenuate impact vibration via dy-
namic coupling.
The desired position/posture of the end-effector x is the
function of the joint angles qM, that is,
x ¼ fðqMÞ ð1Þ
where x e Rm is the nominal position/posture of the end-effec-
tor with respect to the base frame; m is the number of degrees
of freedom of the end-effector in the work space; qM 2 RnM is
the vector describing the joint angles of the main chain; nM is
the number of joints in the main chain.
For the ﬂexible manipulator without redundant degrees of
freedom in its main chain, nM = m, and
_qM ¼ JM _x ð2Þ
where JM 2 RmnM is the nominal Jacobian matrix of the main
chain and JM is the inverse matrix of JM.
Differentiating Eq. (2) with respect to time, we have
€qM ¼ _JM _xþ JM€x ð3Þ
Because the branch link motion has no direct relation to the
nominal end-effector motion, we have
_qB ¼ eB ð4Þ
where qB 2 RnB is the vector describing the joint angles of the
branch links; eB 2 RnB is the arbitrary vector; nB is the number
of joints in the branch links.
Based on Kane’s method and the assumed-modes method,
dynamics equations of the ﬂexible manipulator with CLDoF
are derived as follows24
D€qþ e ¼ s ð5Þ
M€uþ C _uþ Ku ¼ f G€q ð6Þ
where D 2 RnRnR is the inertia mass matrix; e 2 RnR is the
force vector including centrifugal, coriolis, gravitational force,
the term of rigid and ﬂexible coupling, and the link ﬂexibility
term; s 2 RnR is the set of actuator torques applied to the
joints; nR ¼ nM þ nB; M 2 RnFnF is the mass matrix;
C 2 RnFnF is the damping matrix; K 2 RnFnF is the stiffness
matrix; nF is the number of ﬂexural degrees of freedom in
the main chain; f G€q is the generalized force vector;
f 2 RnF ;G 2 RnFnR ; €q 2 RnR is the vector describing the joint
accelerations; _u 2 RnF and €u 2 RnF are the ﬂexural velocity
and acceleration vector, respectively.
Substituting Eq. (3) into Eq. (6), we obtain
M€uþ C _uþ Ku ¼ u ð7Þ
u ¼ f G€q ¼ f GMð _JM _xþ JM€xÞ  GB€qB ð8Þ
where GM 2 RnFnM represents the ﬁrst nM columns of G,
GB 2 RnFnB represents the last nB columns of G.
Eq. (7) describes the ﬂexural vibration of the ﬂexible manip-
ulator with CLDoF.
3. Dynamics of capturing an object
In general, a capturing operation includes two speciﬁc phases:
the impact phase and the post-impact phase. The ﬂexible
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phases.
3.1. Impact dynamics
The real capturing process is quite complex in fact. In the fol-
lowing, instantaneous (impulsive) effects of the contact are
considered and modeled essentially as a collision. To incorpo-
rate the added mass and the impact of the moving object into
the manipulator dynamics, it is assumed here that: (a) the im-
pact time is inﬁnitesimal; (b) the impact is modeled as a point
contact; (c) the impact process is simpliﬁed as an impulse force;
(d) the captured object is treated as a distal mass lumped at the
contact point.
Supposing a moving object collides with the ﬂexible arm at
a certain point P and then is captured, the impact force result-
ing from this capture is fD 2 R3. The dynamics equations of the
ﬂexible manipulator when capturing a moving object can be
written as
D€qþU€u ¼ sþ sR þ f ID ð9Þ
G€qþM€uþ C _uþ Ku ¼ fþ f IID ð10Þ
where f ID ¼ f ID1 f ID2    f IDnR
 T 2 RnR and f IID ¼ f IID1
f IID2    f IIDnF 
T 2 RnF are generalized active forces caused by fD
and can be obtained using Kane’s method, i.e.,
f IDj ¼ vpj  fD 1 6 j 6 nR ð11Þ
f IIDðjnRÞ ¼ vpj  fD nR þ 1 6 j 6 n ð12Þ
where vpj 2 R3 is the jth partial speed of vp, which is the veloc-
ity of point P; n is the total number of degrees of freedom and
n= nR + nF.
Since the impact occurs in an inﬁnitesimal period of time, if
taking the integral of Eqs. (9) and (10) from t to t+ Dt, we
obtain
Z tþDt
t
D€qdtþ
Z tþDt
t
U€udt
¼
Z tþDt
t
sdtþ
Z tþDt
t
sRdtþ
Z tþDt
t
f IDdt ð13Þ
Z tþDt
t
G€qdtþ
Z tþDt
t
M€udtþ
Z tþDt
t
C _udtþ
Z tþDt
t
Kudt
¼
Z tþDt
t
fdtþ
Z tþDt
t
f IID dt ð14Þ
Because all linear and angular velocities remain ﬁnite in this
inﬁnitesimally small period of the impact time, and there are
no changes in positions or orientations of any bodies in the
system as Dt ! 0, only the integrals involving €q; €u; f ID, and
f IID are not zero. From Eqs. (13) and (14), we have
DD _qþUD _u ¼
Z tþDt
t
f IDdt ð15Þ
GD _qþMD _u ¼
Z tþDt
t
f IID dt ð16Þ
where D _q ¼ _qðtþ DtÞ  _qðtÞ and D _u ¼ _uðtþ DtÞ  _uðtÞ.According to the momentum theorem, we obtainZ tþDt
t
f IDjdt ¼ vpjmovo ð1 6 j 6 nRÞ ð17Þ
Z tþDt
t
f IIDðjnRÞdt ¼ vpjmovo ðnR þ 1 6 j 6 nÞ ð18Þ
where mo is the mass of the moving object and vo is the relative
velocity of the moving object with respect to the contact point
of the arm.
According to Eqs. (17) and (18), Eqs. (15) and (16) can be
written as
DD _qþUD _u ¼ hI ð19Þ
GD _qþMD _u ¼ hII ð20Þ
where hI ¼ ½movp1  vo movp2  vo    movpnR  vo T and
hII ¼ ½movpðnRþ1Þ  vo movpðnRþ2Þ  vo    movpn  vo T.
Incorporating Eqs. (19) and (20), we obtain
MsD _w ¼ h ð21Þ
where
Ms ¼
D U
G M
 
;D _w ¼ D _qT D _uT½ T; and h ¼ hTI hTII
 T
:
Eq. (21) is the impact dynamics equation of the ﬂexible manip-
ulator, describing the relationship between the instantaneous
velocity increment and the impulsive contact force. The ﬁnal
values D _w of Eq. (21) are used as the initial conditions of the
post-impact phase.3.2. Post-impact dynamics
When the ﬂexible manipulator has captured an object success-
fully, velocity of the object is equal to that of the contact point
of the arm. The captured object will become one segment of
the manipulator. Therefore, the post-impact dynamics equa-
tions will be the combination of the equations of the manipu-
lator and the object.
Using Kane’s method and the assumed-modes method,
Eqs. (5) and (6) can be modiﬁed as
s0 ¼ D0€qþ e0 ¼ D0Mð _JM _xþ JM€xÞ þD0B€qB þ e0 ð22Þ
M0€uþ C0 _uþ K0u ¼ f 0  G0Mð _JM _xþ JM€xÞ  G0B€qB ð23Þ
where D0M 2 RnRnM represents the ﬁrst nM columns of D
0
,
D0B 2 RnRnB the last nB columns of D
0
, G0M 2 RnFnM the ﬁrst
nM columns of G
0
, G0B 2 RnFnB the last nB columns of G0,
and D0, e0, s0, M0, C0, K0, f0, and G0 are modiﬁed matrices of
D, e, s, M, C, K, f, and G, respectively.
Eqs. (22) and (23) are the post-impact dynamics equations
of the ﬂexible manipulator with CLDoF incorporating an
object.4. Method for reducing impact vibration
Vibration responses of the post-impact phase are expected to
be decreased by properly planning the arbitrary motion of
CLDoF while tracking the desired nominal end-effector
trajectory.
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u ¼ Pg ð24Þ
where P 2 RnFnF is the mode matrix and g ¼ ½ g1 g2    gnF T are
the mode coordinates.
Substituting Eq. (24) into Eq. (23), and then left multiply-
ing PT, Eq. (23) can, in the case of proportional damping, be
transformed into a set of uncoupled equations in the mode
space, that is,
€gþ diag½2nixi _gþ diag½x2i g ¼ fg ð25Þ
where ni is the ith modal damping ratio, usually very small for
a ﬂexible manipulator; xi is the ith frequency; i= 1,2, . . .,nF;
fg ¼ ½ fg1 fg2    fgnF T ¼ PTu0 is the modal generalized
force.
Eq. (25) is a set of vibration equations of the ﬂexible manip-
ulator described in the mode space.
For the ﬂexible manipulator with CLDoF, its modal gener-
alized force fg can be separated as follows
fg ¼ fv þ fc ð26Þ
According to Eq. (23), we have
fv ¼ ½ fv1 fv2    fvnF T ¼ PTf 0  PTG0M€qM
¼ PTf 0  PTG0Mð _JM _xþ JM€xÞ ð27Þ
fc ¼ ½ fc1 fc2    fcnF T ¼ PTG0B€qB ð28Þ
In Eq. (27), fv has a relation to the joint motion €qM of the main
chain, mainly exciting vibration, so fv is called the modal excit-
ing force. While in Eq. (28), fc contains the arbitrary motion €qB
of the CLDoF, and choice of €qB can directly affect vibration
responses, so fc is called the modal control force.
Eq. (25) can be described as follows
€gi þ 2nixi _gi þ x2i gi ¼ fvi þ fci i ¼ 1; 2; . . . ; nF ð29Þ
From Eq. (29), its state equation is obtained
_xi ¼ Aixi þ Bifi ð30Þ
where
xi ¼
gi
_gi
 
; Ai ¼
0
x2i
1
2nixi
 
; Bi ¼
0
1
 
; fi ¼ fvi þ fci:
From the point of active vibration control, it is expected
that the vibration responses are decreased and the correspond-
ing control forces are small enough. According to the optimal
control theory, the following quadratic form objective function
is used to design the optimal control algorithm of the impact
vibration
J ¼ 1
2
XnF
i¼1
Z t
0
ðxTi Qixi þ Rif2i Þdt ð31Þ
where Qi is the half positive deﬁnite diagonal weighted matrix
and RiP 0 is the weighted coefﬁcient, both of which may
inﬂuence the damping of the system.
The co-state vector ki is introduced to the state Eq. (30),
and the following Hamilton function is obtained
H ¼ 1
2
XnF
i¼1
ðxTi Qixi þ Rif2i Þ þ
XnF
i¼1
kTi ðAixi þ BifiÞ ð32ÞAccording to the maximum principle and the stationary value
condition, the ith optimal modal control force is solved
fci ¼ ðPi1gi þ Pi2 _giÞ=Ri  fvi; i ¼ 1; 2; . . . ; nF ð33Þ
where Pi1 ¼ Rix2i þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2ix
4
i þ RiQi1
q
;Pi2 ¼ 2niRixi þ ð4R2i
n2ix
2
i þ RiQi2  2R2ix2i þ 2Ri
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2ix
4
i þ RiQi1
q
Þ12, and Qi1 and
Qi2are the diagonal elements of a 2 · 2 half positive deﬁnite
diagonal weighted matrix Qi.
Then substituting Eq. (33) into Eq. (29), we obtain
€gi þ R1i ð4R2i n2ix2i þ RiQi2  2R2ix2i þ 2Ri
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2ix
4
i þ RiQi1
q
Þ
1
2
_gi
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x4i þQi1R1i
q
gi ¼ 0 i ¼ 1; 2; . . . ; nF ð34Þ
It is seen from Eq. (34) that, this form of modal control force
imposed on the ﬂexible manipulator can increase the modal
damping and stiffness. As a result, vibration responses can
be reduced effectively. Therefore, Eq. (34) is the desired impact
vibration control equation.
In order to solve the arbitrary motion €qB used for suppress-
ing impact vibration, Eq. (33) can be expressed in a matrix
form as follows
fc ¼ fm  fv ð35Þ
where fm ¼ ½R11 ðP11g1 þ P12 _g1Þ  R12 ðP21g2 þ P22 _g2Þ     R1nFðPnF1 gnF þ PnF2 _gnFÞT.
Substituting Eqs. (27) and (28) into Eqs. (35) and (35) can
be expanded as follows
PTG0B€qB ¼ PTf 0  PTG0Mð _JM _xþ JM€xÞ  fm ð36Þ
Eq. (36) can be solved for the arbitrary motion €qB meeting the
need of impact vibration reduction, i.e.,
€qB ¼ ðPTG0BÞ
þ½PTf 0  PTG0Mð _JM _xþ JM€xÞ  fm ð37Þ
where ðPTG0BÞ
þ
is the generalized inverse matrix of PTG0B.5. Simulation and analysis
In our opinion, it is unnecessary for a ﬂexible manipulator to
possess an excessive number of CLDoF. If designed and used
reasonably, impact vibration responses of the ﬂexible manipu-
lator are expected to be reduced effectively by the least number
of CLDoF. Therefore, a ﬂexible manipulator with one CLDoF
is used as a basic example in numerical simulations of the
method proposed above.
As shown in Fig. 2, the manipulator without CLDoF has
three links, the ﬁrst one is used as a rigid waist and the next
two are ﬂexible. The parameters of these links are given as fol-
lows: Link 1 is made of steel, of which the length is 0.2 m, the
cross section is square, and the side length is 0.05 m. The next
two links are made of aluminum with an elastic modulus of
71 GPa and a mass density of 2710 kg/m3, of which the
cross-sectional height and width are 0.02 m and 0.05 m, respec-
tively, i.e., h · b= 0.02 m · 0.05 m. The lengths of Links 2 and
3 are 0.3 m and 0.6 m, respectively. Only ﬂexural deformations
about y2 and y3 axis are considered in this example.
Fig. 2 A ﬂexible manipulator without CLDoF.
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q1 ¼ p½1 cosðptÞ=12
q2 ¼ 0:7 sinðptÞ
q3 ¼ sinðptÞ
8><
>: 0 6 t 6 6 s
At t= 1 s, a moving object M0 with a mass of 0.2 kg perpen-
dicularly impacts the end-effector (installed at the tip of Link
3) and then becomes one segment of the manipulator, as
shown in Fig. 3. Its relative velocity with respect to the end-
effector is 1 m/s and the impact time period is 0.02 s. The cor-
responding vibration of the end-effector is shown in Fig. 4. It is
seen that impact vibration responses arise suddenly due to
abrupt changes of both system velocities in the impact phase
and dynamic structure in the post-impact phase. In addition,
since the manipulator is required to keep moving after the col-
lision, new vibration responses inevitably arise and are accu-
mulated on the existing impact vibration responses. In this
example, the largest vibration deformation of the end-effector
is 0.0123 m. Due to low structural damping, vibration re-
sponses decrease very slowly.Fig. 3 A ﬂexible manipulator with one CLDoF.
Fig. 4 Vibration deformation of the end-effector (with vibration
control).In order to reduce impact vibration, a rigid branch link is
attached to Link 3 through a revolute joint, as shown in
Fig. 3. The distance r measured from this revolute joint to
the third joint is 0.3 m. The distance rB measured from the cen-
troid of the branch link to the revolute joint is 0.15 m. Its ini-
tial angular displacement is zero. The rigid branch link is a
uniform quality link with a cross-section of square and a mass
of 0.25 kg. Qi is the unit matrix and Ri = 5 · 106.
In this example, the branch link does not actively move in
the pre-impact and impact phases. After the collision, the
branch link starts to move according to €qB planned by Eq.
(37) to reduce impact vibration. The corresponding vibration
deformation of the end-effector is shown in Fig. 5, in which
the largest vibration deformation is 0.0025 m. Compared with
the above case without vibration control, as shown in Fig. 4,
the largest vibration deformation is decreased 80%. Mean-
while, vibration responses are suppressed very quickly. For
the convenience of comparison, Figs. 4 and 5 are combined
and shown in Fig. 6, where the case of vibration control is indi-
cated by ‘‘1’’ and the case of no vibration control is indicated
by ‘‘2’’. In addition, the corresponding angular acceleration
and velocity proﬁles of the branch link are shown in Figs. 7
and 8, respectively. From these ﬁgures, it is seen that they
are smooth and easy to implement.
From the above simulation results, it is shown that the
method proposed in this paper is effective in reducing impactFig. 5 Vibration deformation of the end-effector (without
vibration control).
Fig. 6 Comparison of vibration deformation.
Fig. 7 Angular acceleration of the branch link.
Fig. 8 Angular velocity of the branch link.
1308 Y. Bian et al.vibration responses of the ﬂexible manipulator by planning its
motion of CLDoF.
6. Conclusions
(1) The controllable local degrees of freedom are introduced
to the topological structure of a ﬂexible manipulator,
and used as an effective tool to combat impact vibration
through dynamic coupling.
(2) Proper choice of arbitrary motion introduced by the
controllable local degrees of freedom is important in
decreasing undesired post-impact dynamic effects of
the ﬂexible manipulator.
(3) By planning motion of the controllable local degrees of
freedom, appropriate control force can be constructed to
increase the modal damping and stiffness and eliminate
the exciting force simultaneously, thereby reducing
impact vibration of the ﬂexible manipulator.Acknowledgements
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